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Abstract
The Hamiltonian of the metric General Relativity derived in our earlier study (Gravitation 17,
314 - 323 (2011)) is analyzed by the methods of Matrix Quantum Mechanics. This Hamiltonian is
a quadratic function of the momenta pimn conjugate to the spatial components gmn of the metric
tensor gαβ . The Hamiltonian is reduced to the new form which is more convenient to derive the
Schro¨dinger equation for the free gravitational field. In turn, this Schro¨dinger equation is used to
study possible motions of the free gravitational field(s). In particular, it is shown that harmonic
oscillations of the free gravitational field, or harmonic gravitational waves, cannot be observed as
an actual motion of this field. We also investigate the internal structure of the solitary gravitational
wave.
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I. INTRODUCTION
In our earlier study [1] we derived the following total Hamiltonian HT of the free gravi-
tational field
HT = Hc + g00,0φ
00 + 2g0k,0φ
0k , (1)
where Hc is the ‘canonical’, or ‘dynamical’ part of the total Hamiltonian (or dynamical
Hamiltonian, for short), φ00 and φ0k are the primary constraints [2], while g00,0 and g0k,0
are the corresponding velocities, i.e. time derivatives (or temporal derivatives) of the corre-
sponding components of the metric tensor gαβ [3]. The dynamical Hamiltonian Hc in Eq.(1)
takes the form
Hc =
1√−gg00 Imnpqpi
mnpipq − 1
g00
Imnpqpi
mnB(pq0|µνk)gµν,k
+
1
4
√−g
[ 1
g00
ImnpqB
((mn)0|µνk)B(pq0|αβl) − Bµνkαβl
]
gµν,kgαβ,l , (2)
where gµν and g
αβ are the covariant and contravariant components of the metric tensor [3],
respectively. Here and everywhere below in this study the Latin alphabet is used for spatial
components and index “0” for a temporal component. The notations pimn in Eq.(2) stand for
momenta conjugate to the spatial components gmn of the metric tensor [1]. The definition of
these ‘spatial’ pimn (where m ≥ 1 and n ≥ 1) and ‘temporal’ momenta pim0 (or pin0) and pi00
can be found in [1]. In general, all such momenta are designated as piαβ, while the notation
gρν stands for the components of the metric tensor.
The notation Imnpq used in Eq.(2) is
Imnpq =
1
d− 2gmngpq − gmpgnq = Ipqmn , (3)
where d (d ≥ 2) is the total dimension of the space-time continuum. The Imnpq quantity
is the spatial (symmetric) tensor which is the (d − 1)−tensor (or (d − 1) ⊗ (d − 1)-tensor)
in the d−dimensional space-time. These values are different from the actual (or complete)
d−tensors. The d−tensor Bαβγµνρ in Eq.(2) is written in the following form [1]
Bαβγµνρ = gαβgγρgµν − gαµgβνgγρ + 2gαρgβνgγµ − 2gαβgγµgνρ (4)
The symmetrized tensor B(αβγ|µνρ) is defined as a half of the following sum:
B(αβγ|µνρ) =
1
2
(Bαβγµνρ +Bαβρµνγ) , (5)
2
while the tensor B((αβ)γ|µνρ) from Eq.(2) is the symmetrized sum of the following two/four
terms
B((αβ)γ|µνρ) =
1
2
[
B(αβγ|µνρ) + B(βαγ|µνρ)
]
=
1
4
(Bαβγµνρ +Bαβρµνγ +Bβαγµνρ +Bβαρµνγ) . (6)
All d(d+1)
2
components of the metric tensor gαβ and momenta pi
αβ conjugate to these com-
ponents are the d(d+ 1) dynamical (and canonical) variables in the Hamiltonian approach.
The fundamental (classic) Poisson brackets between the gαβ components of metric tensor
and piαβ components of the ‘tensor of momentum’ are [4]
{
gαβ , pi
µν
}
=
1
2
(δµαδ
ν
β + δ
ν
αδ
µ
β) = ∆
µν
αβ = −
{
piµν , gαβ
}
, (7)
while the remaining Poisson brackets between these dynamical variables (piµν and gαβ) are
{
gαβ, gµν
}
= 0 and
{
piαβ , piµν
}
= 0 . (8)
In general, the knowledge of Poisson brackets between all dynamical variables in Hamiltonian
system allows one to determine the actual ‘trajectories’ of the field(s), i.e. all components
of the metric tensor gαβ(t, x) as time-dependent functions given in each spatial point x.
In this study the properties of the d(d + 1)−canonical (Hamiltonian) variables{
g00, . . . , gαβ, . . . , pi
00, . . . , piµν , . . .
}
, Eqs.(7) - (8), are used to reduce the dynamical Hc and
total HT Hamiltonians to the forms which are more appropriate for the following analysis
and derivation of the Schro¨dinger equation for the free gravitational field. It also appears
that the explicit form of the total Hamiltonian HT written in these canonical variables allows
one to investigate the propagation of gravitational perturbations, or gravitational waves. In
particular, it is shown below that each elementary gravitational perturbation propagates as
a solitary wave with a steep front. It looks similar to the propagation of a strong, non-linear
thermal wave. However, an important difference between a solitary gravitational wave and
strong thermal wave follows from the two facts: (a) all components of the metric tensor gαβ
can change their values only at the front of the propagating gravitational wave, and (b) in
the area behind the front these components are essentially constants. It follows from here
that the components of the metric tensor will never change again unless the next gravita-
tional wave will change them. In other words, for propagating gravitational waves we do
not face the problem of exhaustion of the source. It also is interesting to note that harmonic
oscillations (i.e. vibrations) of the gravitational field itself play no role in its propagation
(see below).
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II. TRANSFORMATIONS OF THE DYNAMICAL HAMILTONIAN
The dynamical Hamiltonian Hc given by Eq.(2) is a quadratic function of the spatial
components of momenta pimn. Let us transform this Hamiltonian Hc to a slightly different
form which is more appropriate for the purposes of this study. First, note that Eq.(2) can
be re-written in the form
H˜c =
√−gg00Hc = Imnpqpimnpipq −
√−gImnpqB(pq0|µνk)gµν,kpimn
+
1
4
(−g)
[ 1
g00
ImnpqB
((mn)0|µνk)B(pq0|αβl) − g00Bµνkαβl
]
gµν,kgαβ,l (9)
− √−gImnpq
{
pimn, B(pq0|µνk)gµν,k
}
where the last term is the Poisson bracket of the pimn momenta and the product of the
B(pq0|µνk) and gµν,k values. This bracket can be computed analytically with the use of Eq.(7)
and explicit formula for the B(pq0|µνk) quantity, Eq.(5). This leads to the result
{
pimn, B(pq0|µνk)gµν,k
}
=
1
2
{
pimn, Bpq0µνk
}
gµν,k +
1
2
{
pimn, Bpqkµν0
}
gµν,k
+ B(pq0|µνk)
{
pimn, gµν,k
}
(10)
where the Poisson brackets in the first and second terms of this equation are determined by
Eq.(4). This reduces each of the Poisson brackets from Eq.(10) to the sum of the following
brackets
{
pimn, Bαβγµνρ
}
=
{
pimn, gαβgγρgµν
}
−
{
pimn, gαµgβνgγρ
}
+ 2
{
pimn, gαρgβνgγµ
}
− 2
{
pimn, gαβgγµgνρ
}
(11)
Note that all terms in the right-hand side of this equation have identical structure. Therefore,
to illustrate our calculations we can consider just one of these terms. For instance, for the
first term in Eq.(11) one finds
{
pimn, gαβgγρgµν
}
=
{
pimn, gαβ
}
gγρgµν + gαβ
{
pimn, gγρ
}
gµν + gαβgγρ
{
pimn, gµν
}
(12)
where the Poisson bracket between the momentum pimn and gαβ component of the metric
tensor is calculated with the use of the following formulas
{
pimn, gαβ
}
=
{
pimn, gαα′g
β
β′gα′β′
}
= −gαα′gββ′∆µνα′β′ = −∆µν;αβ (13)
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where the last equality contains the definition of the new delta-function (or delta-tensor)
∆µν;αβ which contains the four upper indexes only.
The Poisson bracket in the third term from Eq.(10) is
{
pimn, gµν,k
}
= −
(
∆µναβ
)
,k
(14)
where the ∆µναβ-function (or δ−tensor) is defined above (see, Eq.(7)). Note that this Poisson
bracket equals zero identically, if the delta-tensor ∆µναβ is considered as a constant term. This
correspond to the classical approach. In quantum approach this term can be transformed
to the form where the derivative upon spatial components appears in the front of the wave
function. Then, by integrating by parts we can move the spatial derivative from the delta-
function to the wave function Ψ. This means that such a term is not equal zero identically.
By calculating all Poisson brackets in Eq.(10) one finds that the explicit formula for the
Poisson bracket in the last term of Eq.(9) contains a very large number of terms. It is not
convenient in actual calculations. To avoid this problem below we shall keep the united
notation for the Poisson bracket in the last term of Eq.(9).
Now we note that in the Hamiltonian Hc, Eq.(9), all momenta pi
mn are located at the very
right position in each term. Such form of Hc has a number of advantages to perform quan-
tization of the classical system with the Hamiltinian H˜c given by Eq.(9). The Hamiltonian
H˜c can be represented as the product of the two spatial tensors (or (d − 1)−tensors) Imnpq
and H˜pqmnc , where the spatial tensor Imnpq is defined in Eq.(3) and spatial tensor H˜
pqmn
c is
H˜pqmnc = pi
pqpimn −√−gB(pq0|µνk)gµν,kpimn
− g
4
[
B((mn)0|µνk)B(pq0|αβl) − g00EpqmnBµνkαβl
]
gµν,kgαβ,l (15)
− √−g
{
pipq, B(mn0|µνk)gµν,k
}
where the spatial tensor Epqmn included in this equation is defined by the relation
ImnpqE
pqkl = δkmδ
l
n (or IˆEˆ = 1). Components of this spatial tensor are the spatial com-
ponents of the complete Eµνγσ-tensor which is defined by the following equation (see, e.g.,
[1])
Eµνγσ = eµνeγσ − eµγeνσ = Eγσµν (16)
where
eµν = gµν − g
0µg0ν
g00
= eνµ (17)
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and, therefore:
Eµνγσ = gµνgγσ − gµγgνσ − 1
g00
(
g0µg0νgγσ + gµνg0γg0σ − gµγg0νg0σ − g0µg0γgνσ
)
(18)
Let us assume that we have performed the quantization of the Hamiltonian, Eq.(15). In
detail the process of quantization is discussed in the next Section, but here we just want to
make a few important comments about the explicit form of the Schro¨dinger equation. As
follows from our analysis above the arising Schro¨dinger equation is written in the following
‘matrix’ form with the Hamiltonian (spatial tensor) H˜pqmnc from Eq.(15)
ıh¯Epqmn
∂Ψ
∂τ
= H˜pqmnc Ψ (19)
where Epqmn is the spatial tensor defined above. Both these operators (Epqmn and H˜pqmnc )
in Eq.(19) are g−dependent (or metric-dependent) spatial tensors. This means that each
component of these spatial tensors is a function of the components of metric tensor gµν .
The time τ in Eq.(19) is related with the incident time t by the relation τ = t√−gg00 . The
new Hamiltonian (spatial tensor!) H˜pqmnc in Eq.(15) is a quadratic function of the momenta
pipq and pimn. Note that all momenta pipq and pimn which are included in the Hamiltonian
H˜pqmnc do not have temporal components. In other words, the H˜
pqmn
c Hamiltonian does not
contain any of the pi00, pi0m and/or pin0 momenta. Now we need to perform the last step
of our procedure and transform the classical expression for the (d − 1)−tensor (or spatial
tensor) H˜pqmnc , Eq.(15), into the corresponding quantum operator.
III. QUANTIZATION
The goal of this Section is the quantization of the classical Hamiltonian H˜pqmnc from
Eq.(15). The main step in this process is to replace all classical momenta piαβ and
‘coordinates’ gµν in the classical Hamiltonian H˜c by the corresponding quantum oper-
ators. The classical Poisson bracket between each pair of these dynamical variables{
g00, . . . , gαβ, . . . , pi
00, . . . , piµν , . . .
}
is also replaced by the corresponding quantum Poisson
bracket which explicitly contains the reduced Planck constant h¯. Unfortunately, in many
cases such a formal replacement of classical quantities by the corresponding quantum opera-
tors may lead to ambiguous answers. To avoid a possible appearance of multiple answers and
produce the correct quantum expression one needs to apply the ‘correspondence principle’
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known in Quantum Mechanics since the middle of 1920’s (see, e.g., [5]). For the free grav-
itational filed the correspondence principle means that the quantum Poisson bracket must
have the correct limit in the case of very weak gravitational fields, or, in other words, for
the flat space-time. This determines the following expression for the quantum (Q) Poisson
bracket
{
gαβ, pi
µν
}
Q
= ıh¯
{
gαβ , pi
µν
}
C
= ıh¯
1
2
(δµαδ
ν
β + δ
ν
αδ
µ
β ) = ıh¯∆
µν
αβ (20)
From here one can write the following explicit formula for the quantum operator of momen-
tum piαβ in the gαβ-representation (i.e. in the ‘coordinate’ representation)
piµν = −ıh¯
[ ∂
∂gµν
+ fµν(gαβ)
]
(21)
where fµν(gαβ) is a regular (or analytical) function of all components of the metric tensor.
The quantum operators of momenta, Eq.(21), must also obey the basic relations given by
Eq.(8) which are true for both the classical and quantum Poisson brackets. This leads to a
set of additional conditions for the fµν-functions from Eq.(21)
∂fµν
∂gαβ
=
∂fαβ
∂gµν
(22)
In general, one can use some freedom to choose different types of the fµν functions in Eq.(21)
to simplify either the definition of momenta piµν , or the formula for the quantum Hamiltonian
operator H˜pqmnc in Eq.(19). In reality, such a freedom is quite restricted, since there are a
number of rules for canonical transformations which can only be used to transform one set
of dynamical (Hamiltonian) variables into another. This is true for arbitrary Hamiltonian
systems, including systems with constraints (for more details, see [1] and [4]). To avoid
discussion of this problem, which is not directly related with our goals in this study, below
we shall assume that the additional function fµν(gαβ) in Eq.(21) equals zero identically. It
can be shown that such a choice is ‘natural’ for Hamiltonian formulation of GR originally
developed in [6] and later corrected in [1].
Substitution of the operators of momenta piµν = ıh¯ ∂
∂gµν
in the classical Hamiltonian tensor
H˜pqmnc , Eq.(15), produces the quantum Hamiltonian operator
ˆ˜
H
pqmn
c which is correct at least
in the lowest-order approximation upon h¯ [2], [7]. With this Hamiltonian operator we can
write the following Schro¨dinger equation [8]
ıh¯Epqmn
∂Ψ
∂τ
= ˆ˜H
pqmn
c Ψ = −h¯2
∂2Ψ
∂gpq∂gmn
− ıh¯
[√−gB(pq0|µνk)gµν,k
] ∂Ψ
∂gmn
7
− g
4
([
B(pq0|αβl)B((mn)0|µνk) − g00EpqmnBµνkαβl
]
gµν,kgαβ,l
)
Ψ (23)
− √−g
{
pimn, B(pq0|µνk)gµν,k
}
Ψ
where, in general, the wave function Ψ = Ψ(τ, {gαβ}) depends upon all components of the
metric tensor gαβ and time τ . This equation describes time-evolution of the free gravitational
field which is now considered as a ‘quantum object’ and described by the wave function Ψ.
It should be mentioned that this equation is only one from a number of conditions (or
equations) which must be obeyed for the actual wave function Ψ of the free gravitational
field(s). These additional conditions are the primary constraints and all other constraints
which arise during time-evolution of the primary constraints [9]. Formally, such additional
conditions for the wave function Ψ follow from the fact that the Schro¨dinger equation must
contain the total Hamiltonian HT , rather than the dynamical Hamiltonian Hc. This was
well understood and emphasized by Dirac in 1950 [9].
Let us discuss these additional conditions for the wave function Ψ of the free gravitational
field. First, consider the conditions which follow from the primary constraints. As mentioned
above the actual Schro¨dinger equation must contain the total Hamiltonian HT , Eq.(1). Its
replacement with the dynamical Hamiltonian Hc is possible if (and only if), the following
conditions are obeyed for the wave functions Ψ
φ00Ψ = 0 and φ0kΨ = 0 (24)
for k = 1, 2, . . . , d − 1, where d is the total dimension of the space-time continuum. These
conditions are the d−primary constraints written explicitly in [1]. The primary constraints
arise, since the corresponding componenet of moments pi00 and pi0k cannot be defined from
the original singular Lagrangian [1]. By replacing the momenta and coordinates in these
primary constraints by the corresponding quantum operators one finds
φ0σ = pi0σ − 1
2
√−gB((pq)0|µνk)gµν,k = ıh¯ ∂
∂g0σ
− 1
2
√−gB((pq)0|µνk)gµν,k (25)
Therefore, the d−primary constraints, Eq.(24), can be written in the form of the following
differential equations for the wave function Ψ:
ıh¯
∂
∂g0σ
Ψ =
1
2
√−gB((pq)0|µνk)gµν,kΨ (26)
where σ = 0, 1, . . . , d− 1.
8
As was mentioned by Dirac [2] the primary constraints are absolute, i.e. they must hold
at arbitrary time. This means that the equations which govern the time evolution of the
primary constraints must be time independent. For quantum system with constraints this
lead to the chain of the following equalities:
χ0σΨ = φ0σ,0 Ψ = {φ0σ, HT}Ψ = 0 ,
(χ0σ),0Ψ = (φ
0σ
,0 ),0Ψ = {{φ0σ, HT}, HT}Ψ = 0 , . . . (27)
For actual physical fields the arising chains of related equalities, i.e. constraints, are always
finite [2], [7]. Furthermore, the values χ0σ = φ0σ,0 = {φ0σ, HT} are called the secondary
constraints [9], while their Poisson brackets with the total Hamiltonian HT are the ter-
tiary constraints, etc. Analysis of the constrained structure of the field equations in metric
GR indicates clearly that the free gravitational field has d−primary constraints φ0σ and
d−secondary constraints χ0σ for σ = 0, 1, . . . , d − 1. The secondary constraints χ0σ are
independent of each other and of any of the primary constraints. It was shown in [1] that
the time-evolution of the secondary constraints χ0σ lead to the linear combinations of the
same secondary constraints. The coefficients in such linear combinations depend upon spa-
tial components of the metric tensor, their spatial derivatives and primary constraints [1].
This fact proves the closure of the Dirac procedure for the free gravitational field in metric
GR, since no tertiary constraints have been found. The closed analytical formulas for the
secondary constraints χ0σ have been found in a number of earlier papers (see, e.g., [1] and
references therein). These formulas are extremely complicated and here we do not want to
repeat them, since they are not crucially important for our analysis below.
It should be mentioned that the Poisson brackets between the primary and secondary
constraints of the free gravitational field(s) are [1]
{
χ0σ, φ0γ
}
= −1
2
gγσχ00 (28)
i.e. it is proportional to the secondary constraint χ00. Therefore, if Ψ is the solution of the
Schro¨dinger equation, Eq.(23), then for such wave functions one finds χ0σφ0γΨ = φ0γχ0σΨ =
0. In other words, the operators of the primary and secondary constraints commute with
each other on the solutions Ψ of the Schro¨dinger equation.
Thus, for the wave function Ψ of the free gravitational field in addition to the Schro¨dinger
equation, Eq.(23), we have d−primary and d−secondary constrints. In general, for
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d−dimensional space-time we have d(d+1)
2
independent components of the metric tensor gαβ.
Therefore, the total number of freedoms f of the free gravitational field in metric GR is
f = d(d+1)
2
− 2d = d(d−3)
2
. As follows from this formula the actual non-constraint motion be-
comes possible for the free gravitation field when d ≥ 4. In particular, the free gravitational
field in our universe (d = 4) has two degrees of freedom. For d = 3 we have f = 0, i.e.
only constrained motion can be found at such dimension of space-time. Note also that in
addition to the primary and secondary constraints for many Hamiltonian systems one also
finds a number of ‘conservation laws’ which must be obeyed for any real motion.
IV. GRAVITATIONAL WAVES. HAMILTONIAN FACTORIZATION.
In reality it is very difficult to obtain any closed (analytical) solution of the Schro¨dinger
equation, Eqs.(23), (24) and (27) for the wave function Ψ. The complexity of this problem
is absolutely outstanding. However, there is a group of problems in metric GR which can be
investigated directly with the use of the total HamiltonianHT , or the corresponding quantum
operator HˆT . These problems are closely related with the propagation of gravitational
perturbations.
In modern literature the propagation of any gravitational perturbation is always consid-
ered as a propagation of harmonic oscillations, or, in other words, harmonic waves. Moreover,
it is emphasized explicitly that the propagation of the gravitational perturbations, or waves,
is very similar to the propagation of the electromagnetic waves in vacuum. In reality, such
gravitational oscillatory waves have never been detected in various experiments extensively
conducted since the middle of 1950’s. Nevertheless, a large number of people are still trying
to observe such waves and measure their basic properties. Note that the first theoretical
prediction of the oscillatory gravitational waves was made by Einstein in his paper published
in 1918 [10]. However, in [10] Einstein considered the case of very weak gravitational fields.
In this approximation the actual four-dimensional space-time was essentially replaced by
the flat space-time. In [10] Einstein wrote that his conclusion about propagating oscillatory
gravitational waves is substantially based on the linear approximation used and it can be
false in the actual metric GR. Later, Einstein and his co-workers arrived to a conclusion that
the oscillating gravitational waves cannot exist in the metric GR, but their paper submitted
in Phys. Rev. was rejected and manuscript was lost. Probably, some parts of the original
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text of that paper were included in [11]. Other details related with Einstein’s opinion about
oscillating gravitational waves in the metric GR can be found on the Web-page [12].
The Hamiltonian approach for metric GR developed in [1] allows one to re-consider the
problem of propagating gravitational waves. Let us assume that at some point of the Uni-
verse we have a gravitational process, e.g., collision of the two stars which lead to the
formation of the new star. Gravitational fields around this collision area change rapidly.
Briefly, we can say that in such a case we deal with perturbations of the gravitation field(s),
or, in other words, with gravitational perturbations. As known from Astrophysics typical
collisions of actual stars proceed dozens of years (and even longer) and gravitational waves
are generated at each moment of this process. It is cleat that our Hamiltonians (see, e.g.,
Eq.(23)) contain only gravitational fields (or gαβ components) and we cannot describe, in
principle, actual collisions of stars and/or any other process related with the finite-time re-
distribution of masses in space. To avoid an unwanted discussion of the phenomena which
cannot be analyzed by our methods we have to define an elementary gravitational perturba-
tion which is considered as an infinitesimal part of the real (i.e. finite) process of gravitational
changes. Everywhere below by an ‘elementary gravitational perturbation’ we mean the pro-
cess of actual gravitation motion which is local and takes an infinitely small time δt. The
corresponding, infinitesimal changes in the gravitational fields gµν can be described with our
Hamiltonian approach. By using the language from the Differential Equations one can say
that here we are trying to determine and investigate the corresponding Green’s function(s).
We can also introduce a closely related definition of the solitary gravitational wave as a
wave which transfrers an elementary gravitational perturbation and produces changes in the
gravitational fields, i.e. in the components of the metric tensor gαβ. Our main goal here
is to determine the laws which govern the propagation of the solitary gravitational wave
in space-time, i.e. in the Universe. Also, we want to investigate the internal structure of
such a wave. Thus, below we shall consider only elementary gravitational perturbations and
solitary gravitational waves which move these perturbations from the point of their genera-
tion to the rest of the Universe. The actual gravitational perturbation can be represented
as a superposition, i.e. sum and/or integral, of a large number (even infinite number) of
elementary perturbations. The same statement is true for gravitational waves propagating
from an actual source of gravity.
Our analysis of the propagating solitary gravitational wave is based on the explicit form
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of the dynamical Hamiltonian H˜c, Eq.(9), or the corresponding Hamiltonian spatial tensor
H˜pqmnc , Eq.(15). Both these Hamiltonians are the quadratic expressions upon the momenta
pimn conjugate to the spatial components gmn of the metric tensor gαβ, i.e. the situation
looks similar to the case of the free electromagnetic field propagating in vacuum (see, e.g.,
[13]). A complete similarity with electrodynamics will be observed, if (and only if) we can
show that the Hamiltonian H˜pqmnc , Eq.(15), is a quadratic function of the spatial compo-
nents gmn of the metric tensor gαβ. In this case by applying some standard methods from
Matrix Quantum Mechanics (see, e.g., [14]) one can reduce this Hamiltonian to the sum of
‘quadratic’ operators which is essentially coincides with the Hamiltonian of the harmonic
oscillator and/or with the Hamiltonian free electromagnetic field which is used in Quantum
Electrodynamics (see, e.g., [2], [15], [16]). However, it can be shown (see below) that the
dependence of the Hamiltonian tensor H˜pqmnc in Eq.(15) upon the components of the metric
tensor gαβ is substantially more complex and cannot be represented as a quadratic function
(i.e. quadratic polynomial) of the components of the metric tensor.
To investigate this problem we write the Hamiltonian H˜pqmnc in the form
H˜pqmnc = pi
pqpimn + Spqmn (29)
where the spatial tensor Spqmn takes the form
Spqmn = ıh¯
[√−gB(pq0|µνk)gµν,k
] ∂
∂gmn
− g
4
([
B(pq0|αβl)B((mn)0|µνk) − g00EpqmnBµνkαβl
]
gµν,kgαβ,l
)
(30)
− √−g
{
pimn, B(pq0|µνk)gµν,k
}
Now, we want to show explicitly that this spatial tensor Spqmn is not a quadratic function
of the gαβ components (or gmn components) and/or it cannot be reduced to such a form.
The formula for the Spqmn quantity, Eq.(30), contains three different terms. First, consider
the second term which is a polynomial function of the gαβ components. The maximal power
of such a polynomial upon gαβ is 10 = 4 + 3 + 3 (not 2), where four is the power of the
determinant g of the metric tensor gαβ, while the power of each factor B in this formula
equals three. This (second) term in Eq.(30) also contains the product of the two spatial
derivatives gµν,kgαβ,l. The first and third terms in Eq.(30), contain the factor
√−g which
is, in fact, an algebraic function (not a finite polynomial!) of the gαβ components. In
general, this functions is represented as a sum of the infinite number of powers of the gαβ
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components. This indicates clearly that we cannot reduce neither the Hamiltonian H˜pqmnc
from Eq.(15), nor the dynamical Hamiltonian H˜c from Eq.(9) to a quadratic form which
is needed for similarity with the Hamiltonian of the free electromagnetic field. By using
the regular transformations of the metric tensor we can try to reduce the total power of
the Hamiltonian H˜pqmnc in Eq.(15) upon gαβ components. However, it appears that such a
power upon the spatial components of the metric tensor gmn always exceeds five. This result
is of fundamental importance for the metric General Relativity, since it indicates clearly
that the free gravitational fields cannot propagate in space-time as ‘harmonic vibrations’ (or
oscillations).
In the case of very weak gravitational fields one can find a similarity with the free elec-
tromagnetic field. Indeed, for very weak gravitational fields the differences between the cor-
responding components of the metric tensor and Minkovskii tensor are small and
√−g = 1.
This allows to determine the limiting forms of these two Hamiltonians (H˜pqmnc from Eq.(15)
and H˜c from Eq.(9)). The correct Hamiltonian transition to the case of the weak gravita-
tional fields is described in [17]. It appears that now both these Hamiltonians are quadratic
functions of the new variables hαβ , where hαβ = gαβ − ηαβ are the small corrections to the
corresponding components of the Minkowskii tensor ηαβ = diag(−,+,+, . . . ,+) in the flat
space-time. Formally, this means that for very weak gravitational fields there is a simi-
larity with the electromagnetic fields. This includes similarity in propagation of the free
gravitational waves and electromagnetic waves.
For arbitrary gravitational fields we have
√−g 6= 1 and the values hαβ = gαβ−ηαβ are not
small. Briefly, this means that there is no close analogy with the electromagnetic fields. In
particular, the propagation of gravity in space-time continuum has a number of fundamen-
tal differences with the propagation of electromagnetic radiation. It is clear that harmonic
vibrations of the free gravitational filed(s) do not play any role in the propagation of the free
gravitational fields. Moreover, such harmonic oscillations of the gravitational field do not
exist as actual motions. This is the main result of our analysis. It appears that the prop-
agation of the gravitational fields is described by the same Schro¨dinger equation, Eq.(23),
with the Hamiltonian ˆ˜H
pqmn
c (spatial tensor) written explicitly in the right-hand side of this
equation. By investigating this Hamiltonian and comparing it with the well known Hamil-
tonian of the electromagnetic field (see, e.g., [2] and [13]) one finds a few similarities and
a number of fundamental differences. An obvious similarity is the quadratic dependence of
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each of these Hamiltonians upon momenta pimn conjugate to the corresponding spatial com-
ponents of the gravitational and electromagnetic field(s). The main fundamental difference
between these two Hamiltonians follows from the fact that the Hamiltonian in metric GR
is a substantially non-linear function of the components of the metric tensor gαβ, or field
components, while the Hamiltonian of the free electromagnetic field is a simple quadratic
function of the corresponding field components. Such differences in the two Hamiltonians
lead to fundamentally different equations of motions for the free gravitational and free elec-
tromagnetic fields. In the last case the total Hamiltonian is represented as an infinite sum of
one-dimensional Hamiltonians of harmonic oscillators. This is well known Fourier resolution
of the free electromagnetic field (see, e.g., [13], [18]).
V. PROPAGATION OF THE FREE GRAVITATIONAL FIELDS
As we have shown above harmonic vibrations of the free gravitational filed(s) do not
represent actual motions of the free gravitational fields. This means that the propagation
of the free gravitational field(s) cannot be represented as the propagation of the harmonic
waves, or harmonic oscillations. This fundamental fact is of great importance for the future
theoretical development of metric GR. For instance, it is clear now that all quantization
procedures developed earlier for the free gravitational field(s) have no connection with reality,
if they based on the of propagating harmonic waves, or, in other words, on systems of
harmonic oscillators. However, from our astrophysical experience we know that regular
gravitational fields cannot be bounded in one spatial area and they always propagate through
the whole Universe. Therefore, the propagation of gravitational waves in the metric GR is
real. Moreover, we can define the propagating gravitational wave which can be represented
as a decomposition of solitary waves. The goal of this Section is to analyze such solitary
gravitational waves, their internal structure and propagation.
Here we want to discuss the actual propagation of the free gravitational fields by using
the Hamiltonian approach described above. It appears that the laws which govern the
propagation of the free gravitational field can be obtained from the classic total Hamiltonian
HT , Eq.(1), and/or from the corresponding Schro¨dinger equation with the quantum operator
HˆT which correspond to this total Hamiltonian HT . To simplify our analysis here we restrict
ourselves to the classical approach only. In [1] the following formula for the classical total
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Hamiltonian HT has been derived
HT = −2g0σχ0σ + g00,0φ00 + 2g0k,0φ0k +
[
2g0mφ
mk −√−gEmnkigmn,i +
√−ggµν,i g
0µ
g00
(
gνkg0i − gνig0k
)]
,k
(31)
As follows from this equation, the total Hamiltonian HT is the sum of the terms proportional
to the primary (φ00 and φ0k) and secondary (χ0σ) constraints. It is also contains the total
spatial derivatives which are combined in one ‘surface’ term. This surface term can be
represented in a slightly different form with the use of the following spatial vector (or (d−
1)−vector) G = (G1, G2, . . . , Gd), where
Gk = 2g0mφ
mk −√−gEmnkigmn,i +
√−ggµν,i g
0µ
g00
(
gνkg0i − gνig0k
)
(32)
is the k−contravariant component of this (d − 1)−vector. The vector G is the energy flux
of the free gravitational field, i.e. it determines the flow of the gravitational energy (or,
gravitational flow, for short) through the closed boundary (d − 1)−surface of the volume
occupied by the gravitational field. Indeed, by taking the integral from both sides of Eq.(31)
over the whole volume V occupied by the gravitational and enclosed by the closed surface
S one finds
E =
∫
divGdV = −
∮
(G · n)dSd−1 = −
∮
G · dSd−1 (33)
where G is the (d-1)-dimensional vector defined in Eq.(32), n is the unit vector of the outer
normal to the surface element dSd−1 and dSd−1 = ndSd−1 is the elementary volume of the
surface dSd−1 oriented in the direction of the outwardly directed normal n = (n1, n2, . . . , nd).
To transform the integral in Eq.(33) we have applied the Gauss formula for multi-dimensional
integrals.
The gravitational vector G, Eq.(32), plays the same role in metric General Relativity as
the Pointing vector (or Umov-Pointing vector) plays in Electrodynamics [18]. Note that the
left-hand side of the energy conservation law in Electrodynamics contains the time-derivative
of the total field energy, i.e. ∂E
∂t
, rather than the total field energy itself. The same general
identity must be correct in the metric GR. To avoid possible contradictions we can transform
the expression in the left-hand side of Eq.(33) in the following way
E =
∫
∂E
∂t
δ(tf − t)dt = Ef = vf
c
∫ ∮ (∂w
∂t
)
δ(tf − t)cdtdSd−1 (34)
= xc
∫ ∮ (∂w
∂t
)
δ(tf − t)dtdSd−1
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where Ef is the energy at the front of the propagating gravitational wave, w is the spatial
density of the energy E, i.e. the energy per unit volume, i.e. w = limV→0
(
E
V
)
, while c is
the speed of light in vacuum and vf is the propagation velocity of the gravitational wave
in vacuum. Note that from Eq.(34) we have E = Ef , i.e. all energy of the propagating
gravitational wave is concentrated in its front. Also, the time tf in this formula coincides
with the time when the propagating gravitational wave will reach the boundary surface Sd−1
and the factor x =
vf
c
. Very likely, that the velocity of the front propagation vf equals to the
speed of light in vacuum exactly, i.e. vf = c and, therefore, the factor x
(
=
vf
c
)
in Eq.(34)
equals unity. However, such an assumption must be confirmed in a number of independent
experiments.
Thus, we have shown that all energy of the propagating gravitational wave is associated
only with the front of such a wave. Before and after the wave front area the local gravitational
enery, i.e. energy spatial density, is a constant (or zero). This conclusion follows from the fact
that the total Hamiltonian is zero before the wave front and it equals to the sum of constraints
after the wave front. The only non-zero term in the total Hamiltonian HT describes the
gravitational flow through the surface which was reached by the propagating gravitational
wave. The concentration of the whole energy of the propagating gravitational wave in its
front is the direct consequence of the substantial non-linearity of the field equations in metric
GR. In some sense the propagating gravitational wave is very similar to the strong shock
wave which propagates in a compressible gas mixture. This is a brief description of the
internal structure of the propagating (solitary) gravitational wave. Such a structure is very
simple, but it is clear that only this structure agrees with the original ideas of GR proposed
and developed by Mach and Einstein.
VI. CONCLUSIONS
We have considered the Hamiltonian formulation of the metric General Relativity (or
metric GR, for short) for the free gravitational field. By using the process of quantization and
explicit form of the classical Hamiltonian [1] we have derived the Schro¨dinger equation for
the free gravitation filed. The explicit forms of this Schro¨dinger equation and 2d−additional
differential conditions, which correspond to the d−primary and d−secondary constraints,
for the wave function Ψ are extremely complex to obtain any closed analytical solution. It
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is clear that this problem needs an additional investigation.
Nevertheless, the Hamiltonian approach used in this study allows one to make some
general predictions about propagation of the free gravitational fields. First, it is clear that
gravitational waves considered as harmonic vibrations of the field itself do not exist in
the metric GR (or Einstein GR). However, in the approximation of the weak gravitational
filed (so-called linearized gravity) one finds motions of the field which can be considered
as ‘vibrations’ or reasonable approximations to vibrations of the components of some small
tensors. It should be mentioned that this result was derived by Einstein in 1918 [10] for
very weak gravitational field(s), but all such harmonic ‘vibrations’, or ‘oscillations’ disappear
quickly and completely, as soon as ‘linearized’ GR is replaced by the real, i.e. non-linear,
GR. An approximate criterion of such a non-linearity can be written in the form
√−g = 1.
If we consider the cases when
√−g cannot be replaced by unity, then harmonic oscillations
of the gravitational field play no role in the propagation of this field. In particular, this
includes the actual metric GR, where the gravitational fields are not very weak.
Second, the propagation of the free gravitational field(s) in space-time continuum is
substantially different from propagation of the light wave in vacuum. The same Hamiltonian
approach being applied to the free gravitational fields leads to the following conclusions about
propagation of such fields: (1) gravitational fields created by one elementary (sudden and
local) gravity perturbation at the origin begin to propagate to the rest of the Universe as a
solitary gravitational wave with a steep front surface; (2) all energy and momentum of this
gravitational wave are concentrated in the front of this wave and transferred by this front;
(3) behind the front of the solitary gravitational wave we have a steady-state gravitational
field distribution which corresponds to the final state of the gravitational source; (4) there
is neither energy, nor momentum transfer behind the front of the propagating gravitational
wave. Very likely, that any solitary gravitational wave is obtained from infinite number of
harmonic oscillations during their propagation in the medium which is substantially non-
linear upon the spatial components of the metric tensor gαβ. The arising internal structure
of the solitary gravitational wave is the direct consequence of very substantial non-linearity
of the original field equations.
Here we need to make a few following remarks. First, in this study we have analyzed
only solitary gravitational waves created by elementary gravity perturbations. Furthermore,
it was assumed that the gravitational wave arising during such a perturbation propagates
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into an empty space-time continuum. In this case the speed of such a gravitational wave
must be equal to the speed of light in vacuum, however, such an assumption must be con-
firmed by a number of independent experiments. Otherwise, we need to introduce another
fundamental velocity different from c. In respect to the fundamental ideas of metric GR
proposed and developed by Mach and Einstein before the front of the first solitary gravi-
tational wave propagating in vacuum we have no actual space-time. Such an spatial area
can be considered as a continuum free from any gravitational fields. Behind the front of
the propagating gravitational wave we have a steady-state gravitational filed(s) distribution
which corresponds to the final distribution of gravity sources.
The main result of this study is the analytical, Hamiltonian-based description of the free
gravitational field which is free from internal contradictions. Dynamical variables in this
approach are the components of the metric tensor gαβ (‘coordinates’) and momenta pi
µν con-
jugate to them. Such a choice of the variables makes our dynamical system ‘natural’ which
means that the Lagrangian of this system is a quadratic functions upon velocities, while
its Hamiltonian is also a quadratic function of the space-like momenta pimn. Based on the
Hamiltonian approach we derived the Schro¨dinger equation and analyzed the structure of a
solitary gravitational which propagates in vacuum. The front of such a wave is an infinitely
thin surface which moves away (with some finite speed) from the original perturbation area.
At the front of this wave the components of the metric tensor gαβ are suddenly changed to
their final values. The propagating solitary gravitational wave has only one advanced front
and no reverse front et all (in contrast with the shock waves known from gasodynamics).
This means that any elementary gravitational perturbation changes all components of the
metric tensor gαβ in each spatial point once and forever. These values can be changed again
only by the next solitary gravitational wave. Such a structure the propagating gravitational
perturbation truly reflects the original ideas of the General Relativity proposed and devel-
oped by Mach and Einstein. It is also clear that the idea of oscillating gravitational waves
contradicts these ideas.
Appendix
The goal of this Appendix is to show that the internal structure of the propagating gravi-
tational wave described above is natural, i.e. it corresponds to the nature of the propagating
gravitational wave. First, we need to use the result of Einstein [10] that very weak gravita-
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tional waves essentially coinside with the harmonic oscillation waves, i.e. waves which are
emitted by a set of harmonic oscillators. Second, the variables which are used to describe
such harmonic oscillations (hαβ) are simply (linearly) related with the components of the
metric tensor gαβ (see above). The third fundamental fact is a substantial non-linear depen-
dence of the ‘gravitational velocities’ upon the gravitational fields themselves. This means
that the time-derivatives (or temporal derivatives) of the components of the metric tensor
gαβ are the non-linear functions of these components.
To prove the last statement let us consider the Lagrangian which is the Γ − Γ part the
Einstein-Hilbert (EH) Lagrangian. This Lagrangian is a quadratic function of the first-order
derivatives of the metric tensor (for more details see, e.g., [3])
L =
√−ggαβ
(
ΓµανΓ
ν
βµ − ΓναβΓµνµ
)
=
1
4
√−gBαβγµνρgαβ,γgµν,ρ (35)
where the coefficients Bαβγµνρ are defined in the main text. The same Lagrangian is re-
written in terms of velocities, i.e. it is reduced to the form which explicitly contains the
time derivatives of the metric tensor [1]
L =
1
4
√−gBαβ0µν0gαβ,0gµν,0 + 1
2
√−gB(αβ0|µνk)gαβ,0gµν,k + 1
4
√−gBαβkµνlgαβ,kgµν,l , (36)
Now, we can define the momenta piγσ conjugate to the metric tensor gγσ
piγσ =
δL
δgγσ,0
=
1
2
√−gB((γσ)0|µν0)gµν,0 + 1
2
√−gB((γσ)0|µνk)gµν,k . (37)
It can be shown that if the both indexes γ and σ are space-like (i.e. γ = m and γ = n),
then Eq.(37) is invertible and one finds the following expression for the velocity gmn,0
gmn,0 = Imnpq
1
g00
( 2√−gpi
pq − B((pq)0|µνk)gµν,k
)
(38)
For non-singular dynamical systems we can always write pipq ≈ Gpqabgab,0. Therefore, from
Eq.(38) and explicit formulas for the B((pq)0|µνk) coefficients, Eq.(4), one finds that the veloc-
ity gmn,0 is the non-linear function of the components of metric tensor gαβ. This meas that
all velocities of the space-like components of the metric tensor are the non-linear functions of
gαβ. Finally, by combining all three facts mentioned above we arive to a uniform conclusion
about the internal structure of the propagating gravitational wave (see the main text). Note
also, that our approach used in this study is based on the method originally developed in
[6] and later corrected in [1]. The approach developed by Dirac in [19] produces essentially
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the same results. The quantization procedure is even simpler in the Dirac approach. In
general, the equivalence of these two Hamiltonian procedures in metric GR was clear from
the very beginning, since the dynamical variables in both these formulations are relted with
each other by a canonical (Hamilton) transformation (for more details, see, [1], [4]).
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